Vector Fields and Work

Def: A vector field is afunction that assigns a vector to each point in the domain of afunction. The general form of
avector field is

F=M(x,V,2)+N(xY,2)+P(X,Y,2)

Examples of vector fields:

~ |/
s

2) The gradient of f (X, y, 2) = cis an example of avector field.

1) F=xi+yj

Nf =fi+ f,j+ f K isavector field that assigns a vector perpendicular to the surface f (x, y, 2) = c, at every
point (X, Y, 2).

3) Other examples:. earth's gravitational field, electric force fields.

Work Done

Tofind thework doneby F =M (X,Y,2) + N(X,Y, 2) + P(X, Y, Z) in moving an object along a curve C given
by r(t) =x(t)i + y(t)j + z(t)k fromt=atot=bis:

Work = (Net force acting on an object) x distance = (§~ - Tdswhere T isthe unit tangent vector of r (t).

In practice, to calculate work, we will need more practical formulas.
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*If F represents avelocity field, then (§- - Tds iscalled theflow’ or circulation and (§~ - NdSs is called flux.

Put another way, flux isthe integral of the normal component of F and circulation is the integral of the tangential
component of F over C.

Def: A vector field F is called conservative, if there is a differentiable function f, such that F is the gradient of f,
i.e. F=Nf [fiscalledthe potential function of F]



Test for conservative fieldsin the plane:
F = Mi + Nj isaconservative field if and only if My = Ny

Proof: If F = f,i+f ] thenM = fyand N = fy. Inaddition My = fy, and Nx = fyx. Therefore, My and N,
are equal.

Test for conservative fields in space:

F =Mi + Nj + Pk isaconservative field if and only if the following conditions are satisfied:
My = Nk M = Py Py=N,

Fundamental Theorem of Line Integrals:

Let C be a piecewise smooth curve, given by 1 (t) = x(t)i + y(t)] + z(t)k where aE£t£Db. If Fisa
conservative field, then

¢F - dr = Nf - dr = £(B)- f(A) where B =(x(b),y(b),z(b)) and A=(x(a),y(a),z(a))
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Def: A region Ris said to be connected, if any two points in the region can be joined by a smooth curve, lying
entirely in the region.
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Theorem: Let Mi + Nj + Pk be a vector field defined over a connected region R and let C be a piecewise smooth
curvein R. Then the following are equivalent:

a) F is conservative (F = Nf for somef)
b) (J- - dr isindependent of path
) (J - dr =0 for every closed curvein R



