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Chain Rules for Several Variables 
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4. When w = f(x,y), x = g(s,t), y = h(s,t), 
s

y

y

w

s

x

x

w

s

w

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

 and 
t

y

y

w

t

x

x

w

t

w

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂

 

5. Implicit for F(x,y) = 0, 
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6. Implicit for F(x,y,z) = 0, 
),,(

),,(

zyxF

zyxF

x

z

z

x−=
∂
∂

 and 
),,(

),,(

zyxF

zyxF

y

z

z

y−=
∂
∂

 (z implicit) 

 
Directional Derivative of f in the direction of u 

 
uuu •∇=+= ),(),(,sin),(cos),(),( yxfyxfDyxfyxfyxfD yx θθ  

 ( jiu θθ sincos += , u a unit vector) 

 
uuu •∇=++= ),,(),,(),,,(),,(),,(),,( zyxfzyxfDzyxcfzyxbfzyxafzyxfD zyx  

 ( kjiu cba ++= , u a unit vector) 

 
Gradient of f 
 

ji ),(),(),( yxfyxfyxf yx +=∇  

 
kji ),,(),,(),,(),,( zyxfzyxfzyxfzyxf zyx ++=∇  

 
Properties of the Gradient of f 
 

If 0),( =∇ yxf , then 0),,( =zyxfDu  for all u 

 

The direction of maximum increase of f is given by ),,( zyxf∇ .  The maximum value of ),,( zyxfDu  is 

),,( zyxf∇ . 

 

The direction of minimum increase of f is given by ),,( zyxf∇− .  The minimum value of ),,( zyxfDu  is 

),,( zyxf∇− . 

),( 00 yxf∇   is normal to the level curve 

through ),( 00 yx  and 

),,( 000 zyxf∇   is normal to the level surface 

through ),,( 000 zyx  

(when 0),( 00 ≠∇ yxf , 0),,( 000 ≠∇ zyxf ) 


